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Temperature effects in the fracture of 
PMMA 

G. P. M A R S H A L L * ,  L. H. C O U T T S ,  d. G. W I L L I A M S  
Mechanical Engineering Department, Imperial College, London, UK 

Experiments are described in which the fracture toughness, Kc, of PMMA has been 
determined in the temperature range -190 to + 80~ and over the crack speed range of 
10 -2 to 102 mm sec-l. Single edge notch tension was used for instability measurements 
but the other data were obtained using the double torsion method. In the range -80  to 
+80~ the variations in Kc may be described in terms of modulus changes and a constant 
crack opening displacement criterion. Crack instabilities are correlated with 
isothermal-adiabatic transitions at the crack tip. Below -80~ there is an inverted rate 
dependence associated with thermal effects during post-instability crack propagation. 

1. Introduction 
There has been considerable effort devoted to 
the determination of accurate fracture toughness 
versus crack speed curves for polymers at room 
temperature. In particular, polymethylmetha- 
crylate (PMMA) has been intensively studied and 
a review of all published data [1] showed that 
there is a consistent explanation for all the 
numbers given when the data are correlated as a 
function of crack speed. Data obtained at other 
temperatures are less plentiful and there is 
considerable variation between the results 
quoted by various authors [2-7]. Fig. 1 shows all 
the published data plotted as stress intensity 
factor, Ke, as a function of temperature. Some 
of these results have been obtained at instability 
and some at the onset of slow cracking (as 
shown), but even accounting for this, there is 
considerable difference in trends except that Kc 
tends to increase with decreasing temperature. It 
was considered worthwhile, therefore, to make 
precise measurement of Ke as a function of 
crack speed over the temperature range - 190 to 
+80~ 

The published data are generally obtained on 
single edge notched (SEN) specimens or some 
form of cleavage test. At any temperature the 
form of curve to be expected is as shown in Fig. 
2. Slow crack speeds give a rising Ke curve 
resulting in stable growth (I) until an instability 
is reached (II) after which it is not possible to 

achieve stability since Ke decreases with in- 
creasing /l (III) until the rapidly rising curve 
associated with kinetic effects (IV) is reached. 
On an SEN specimen (see Fig. 3d) slow crack 
growth will start at some point in region (I), 
depending on the testing rate, and the crack will 
grow giving an increasing Ke until instability is 
reached (II). Crack initiation is identified by 
observing the onset of slow crack propagation 
with a microscope and Ke at initiation is 
calculated using the initial crack length. For the 
instability value of Ke, the maximum load is 
used and the crack length taken as the initial 
length plus the slow growth portion, which can 
easily be discerned on the fracture surface [8]. 
The initiation Ke would be expected to be rate 
dependent while the instability value would not. 
The determination of crack speeds (/0 at each 
Ke value is difficult with SEN specimens since K 
varies rapidly with crack length and, therefore, h 
changes rapidly. 

To overcome this problem, parallel cleavage 
(PC) tests are often employed (see Fig. 3b) since 
the crack speed changes are much less. Indeed, a 
tapered cleavage (TC) specimen may be used 
(Fig. 3c) which is specifically contoured to give a 
constant speed for a constant load. This method 
has been used successfully on polymers [9] but it 
requires great practical skill because of variations 
in the crack geometry and is very time-con- 
suming to use. A more convenient configuration 
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Figure 2 Schematic representation of Ke versus crack 
speed curve. 

is that of  double torsion (DT) (Fig. 3a) which 
also has a constant speed characteristic but is 
much more easily used, since it is not prone to 
crack wandering. This method has been em- 
ployed here for determining the crack speed 
data although some cross-checks are included on 
TC specimens. 

All the tests reported here were performed in a 
temperature cabinet designed to fit on an 
Instron testing machine with a cross-head rate 
range of  0.005 to 50 cm rain -1. The cabinet was 
well insulated thermally and temperatures could 
be controlled to ~ I~ Above ambient 
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Figure 3 Specimen geometries. (a) Double torsion (DT); 
(b) parallel cleavage (PC); (c) tapered cleavage (TC); (d) 
single edge notch (SEN). 

temperatures were achieved with bar heaters on 
the cabinet walls, and for low temperatures 
nitrogen gas was used to blow in liquid nitrogen 
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and the vapour was circulated using a high 
speed fan. A controller, working from a thermo- 
couple in the cabinet, controlled both the 
nitrogen flow and the bar heaters. Various door 
designs were employed to allow observation of 
the crack growth and arm holes were included to 
facilitate the changing of specimens. Crack 
speeds were recorded with a travelling micro- 
scope at low speeds and on a television system 
with video tape at higher speeds. A UV recorder 
was used instead of the normal load chart at the 
higher rates. 

2. Single edge notch tests 
The critical stress intensity factor Ke may be 
calculated for this geometry from the relationship 

K e  = Y~r~/a (1) 

where Y = ~/r for an infinite plate. Finite width 
and free edge effects are included in [10] giving 

- 3 8 " 4 8  ( W )  3 +  53'85 ( W ) ' ]  " (2) 

where a = crack length and w = specimen 
width (see Fig. 3d). Tests were performed at 
various cross-head rates at each temperature and 
the Ke value at initiation and instability deter- 
mined by plotting g~c~ 2 versus a -1. Fig. 4 shows 

some data at 20~ the initiation value is rate 
dependent and the instability value, as expected, 
is not. Fig. 5 shows the Ke values obtained in this 
way over the whole temperature range and be- 
tween - 70to + 80 ~ C.Aninitiation value obtained 
at 0.5 cm min -1 is also shown and the two curves 
cross at approximately - 80 ~ C. There is a notice- 
able plateau in the instability results in the region 
- 2 0  to 0~ and it is possible that this is due t o  
freezing effects associated with absorbed water. 
Below - 8 0 ~  there is a pronounced rate effect 
in the instability values and no initiation could be 
determined since no slow growth was observed. 
The most notable features of this region are the 
inverted strain-rate dependence in that the higher 
cross-head rate gives the lowest Ke value, and 
the tendency for the data to become independent 
of temperature below about - 140 ~ C. 

The data are shown in Fig. 1 (the broken lines) 
and give a reasonable degree of agreement with 
those of other workers for temperatures 
> - 8 0 ~  for both initiation and instability. 
Below - 8 0  ~ C, however, there is a much greater 
disparity. The amount of information available 
from such data is limited, however, and it is 
necessary to determine the Ke versus crack speed 
curves to obtain the complete picture. 

3. Double torsion tests 
This specimen may be analysed by the general 
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compliance method [9], 

where p = the applied load, Be = crack width 
(side grooving is usually employed so that 
Be =/= plate thickness B), E = modulus, and C 
= specimen compliance. 

An approximate analysis gives an expression 
for C of  the form 

[6(1 + v ) l  2 ] 
C =  [ E I ~ -  a~ + Co (4) 

where C o = specimen compliance for a = 0, 
l = distance between loading points (see Fig. 3a), 
W = plate width, B = plate thickness, so that 

dC 6(1 + v)P 
E d a  - W B  3 (5) 

i.e. the product is independent of  the modulus. 
Since Ke and E are constant for a given crack 

speed and d C / d a  is a constant then p will also be 
constant. The crack speed (a) for a cross-head 
rate (~) is given by 

a - p ( d C / d a )  (6) 

i.e. a constant. The ratio :~/~ may be re-expressed 
from Equation 3 as 

do, 
1412 

Specimens were manufactured with W --- 80 
mm, B = 6 mm and the loading system gave 
1 = 27 mm resulting in a calculated calibration 
factor of  

edC da = 3.3 x 105m -2.  

Experiments were performed at various 2 values 
in the temperature range - 6 0  to + 6 0 ~  For 
each test the loads and crack speeds were 

I ;  

21o 

7 

8 

16 

. /  
F~ I / /" I l i // 

~ 9) , 

7 /*/~ 
5 

o so (60 
TIME (see) 

e / 
e / 

o /  / / '  
2 

i i 

2 4 

/o" 

D / ~  / * 
/ o 

. e  

o / e  

e / 
o / 

Y 
/ *  

/ �9 
/ I  

t / ~  
e / 

r - a  7 

G 3 

z 

a O 

p 

6 8 12 14 " 16 

CRACK LENGTH ( c r n }  

Figure 6 D o u b l e  torsion cal ibration curves at 2 0 ~  and  
:t = 0.10 c m  min  -1. 



T E M P E R A T U R E  E F F E C T S  I N  T H E  F R A C T U R E  O F  P M M A  

i 0  I 

t 0 0 m 

$ 

< 

/ 
o o / ' / 8  
8/o 

~/~/~ 

o s 
07" 

o /  
o /  

' 0 -  8 @ / ~  ~ T E M P E R A T U P ,  E RANGE 6 0  TO ~ 6 0 ~  

I O - 3  /�9 i O - I  [O O ]O  I 

CROSS - H E A D  SPEED [crn rain -I  ) 
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constant  at any given rate and temperature as 
illustrated in Fig. 6. A complete compliance curve 
at 20~  is also given showing that  dC/da is a 
constant  and using E for this strain-rate (2900 
M N  m -2) gives 

dC  
E ~aa = 3.4 x l0  s m - 2  , 

which is essentially identical with the calcu- 
lated value. Fig. 7 shows crack speeds meas- 
ured at a wide range o f  cross-head speeds at 

several temperatures and the line is that  for ti 
oc 2, indicating (from Equat ion 7) that Ke/E is a 
constant  over this whole range with a value of  

0 

3.2 x 10 -~ m ~ (Be -- 4 mm). 
A cross-check was made on the consistency 

of  the DT method at 20~ by determining Ke 
f rom Equat ion 3 at a range of  crack speeds and 
the results are shown in Fig. 8. A further series 
of  tests had previously been performed using the 
TC method [9] and these results are also shown 
in Fig. 8. There is good  agreement, demonstrat-  
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ing the validity of the DT configuration. The 
highest crack speed shown is the limit for stable 
crack growth (i.e. ~ 20 mm sec -1) and extra- 
polating the curve to meet the SEN value (as 
shown in Fig. 8) indicates a true instability speed 
of 50 mm sec-L This method was used at all 
other temperatures to determine the instability 
speeds. 

The data obtained in the range - 60 to + 80 ~ C 
(the limits for stable crack growth and ductile 
tearing respectively) are shown in Fig. 9 as log Ke 
versus log /t lines together with the SEN in- 

stability values. There is some tendency for the 
lines to decrease in slope at their lower extremi- 
ties but in general the slope is constant at about 
0.06. As the temperature decreases, the lines are 
displaced along the log/~ axis in accordance with 
an Arrhenius type equation giving an activation 
energy, H, of around 20 kcal tool -1. This 
indicates that the PMMA fl relaxation process 
is operating in this range and agrees with other 
published data [11]. 

The data are shown plotted as Ke as a function 
of temperature over the range - 180 to + 80~ 
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in Fig. 10 with lines drawn at various 2 values. 
The pattern of  stable growth behaviour for ~2 
temperatures > - 8 0 ~  fits well with the SEN 
instability data  and below - 8 0 ~  the same 2o 
inverted rate dependence as with the SEN tests is 
apparent ;  the curves tending to converge at the , 8 
lower temperatures. 

I ' 6  
Since the compliance may  be determined at 

each temperature and crack speed and E(dC/da) 
is a geometric factor, then E may  be determined ~.4 
for all these conditions if one value is known. 
Fig. 11 shows E values determined in this way at ~ 2 
various crack speeds. Some values obtained 
using three point  bending are also shown and ~ J o 
give the same trend. Again, a /3 process is _~ o+ 
indicated with H = 20 kcal tool -1 and a rela- t) 
tionship between Ke and E is indicated. Fig. 12 

0 6  

shows Ke plotted against E over a range of  crack 
speeds and temperatures and a constant  ratio of  

0 ' 4  

Ke/E = 3.1 x 10 -~ m + is obtained, agreeing 
closeIy with that  obtained f rom crack speed o.~ 
measurements (Fig. 7). 

o 
4. Discussion of the results 
The deformation processes at the crack tip in a 
polymer  may be modelled successfully by a 
Dugdale line plastic zone as shown in Fig. 13. 
[12]. For  a non-work-hardening yield stress, cry, 
the zone length is given by 

~- Kc ~ . . . .  (8) A 8 ~ 2  

and the displacement at the crack tip (the crack 
opening displacement or COD)  is 
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Figure 12 Ke as a function of E for various temperatures 
and crack speeds. 

K c  2 

u = c~vE (9) 

providing that, in bo th  cases, e < 0.5 cry. I t  has 
been shown [12] that  the yield strain, ey, is 
largely insensitive to both  rate and temperature 
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in P M M A  and the analysis may be considerably 
simplified by assuming that ey is a constant and 

cry = e y E .  (10) 

It  will also be assumed here that the fracture 
criterion is a constant COD, u, which is also 
independent of both rate and temperature. From 
Equation 9 we have 

K e  = ~/(uey) E .  (11) 

This is consistent with the experimental finding 
for both crack speed and direct Ke and E 
measurements and 

~/(uey) ~ 3 • 10 -4 m -§ . 

ey may be taken as approximately 0.06 [12] so 
that u ~ 1.6 Fm - which is in reasonable accord 
with direct measurements. A constant u implies a 
constant A and from Equations 8 and 9 we have 

77 U 
A = 8 ~ ~ 10 Ixm. (12) 

Correlations between Ke and E have been noted 
previously [13] over a more limited temperature 
range and interpreted as a fixed surface energy 
(i.e. Ke2 /E  = constant). The time dependence of 
the modulus at any fixed temperature may be 
reasonably accurately represented by 

E = E 0 t -~ (13) 

where t = the time scale, E 0 = the unit time 
modulus, and n = d l n E / d l n t  and is assumed to be 
approximately constant. 

The exponent n is a measure of  the degree of 
time dependence acting (e.g. n = 0 for an elastic 
material) and corresponds to the loss factor tan 
3. A simple comparison of a ramp wave form 
shows that tan 3 ~ 0.88 n for n ~ 1 and clearly, 
since the modulus changes were measured in the 
range - 8 0  to + 8 0 ~  where a distinct /3 tran- 
sition occurs, tan 3 (and hence n) would be 
expected to go through a peak within this range. 
There is some evidence in Fig. 9 of n decreasing 
at the lower rates and temperatures and the 
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expected sigmoidal form could be inferred but 
not determined with any precision in this way. 
The values of n agree reasonably well with those 
of measured peak tan 3 [11 ] values and the rate 
of  variation is not expected to be great. However, 
the subsequent analysis, which is based on a 
constant n, will be inappropriate at extremes of 
rate or temperature as n tends to zero. 

The time scale appropriate to the deformations 
at the crack tip may be deduced simply from the 
ratio [14], 

A 
t = - 

t~ 

but it is more precise to consider the elastic 
strain-rate around the crack tip and to assume 
that the strains are of the order ey which gives, 

The combination of Equations 11 to 14 gives the 
result 

K c  = 4(uey)  Eo a '~ �9 (15) 

Since the temperature dependence may be 
described by the Arrhenius equation, the time t 1 
at a temperature T may be computed from t at 
To by, 

t 1 = t e -H/ROIT-I/To) (16) 

so that the Equation 15 becomes, 

K e  = 4(uey) Eo e nH/R(1/~'-~/T~ iz ~ (17) 

and this is a reasonable representation of the data 
in Fig. 9 with n = 0.06 and H / R  = 104 K. 

The instabilities observed are of  considerable 
practical significance and the controlling mecha- 
nism has been the subject of some recent debate. 
It  has been suggested that the instability con- 
ditions correspond to a tan 3 peak and are 
governed by the /3 process [4]. There is no 
evidence to support this in Fig. 9 since the 
instabilities do not occur at maximum n and the 
crack speed decreases much less rapidly with 
temperature than is required by the fi transition. 
Fig. 14 shows some /3 transition data with the 
constant E and Ke taken from Figs. 9 and 11 as 
well as the instability points and it is clear that 
they are not governed by the same process. 

The stability of crack growth in slow growth is 
governed by n since it is the increase in E with 
crack speed which makes the system stable. It  
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Figure 14 Crack speeds at instability. 

would be expected, therefore, that the crack 
would be more, rather than less, stable at 
maximum n. 

An alternative explanation for the instability 
is the onset of significant thermal softening in the 
crack tip region as the deformation changes from 
an isothermal process at low crack speeds to 
adiabatic at high speeds [15-17]. The low thermal 
conductivity of  polymers makes the speeds 
rather lower for this effect than in metals and 
previous predictions on 20~ data showed good 
agreement [15- -  17] with experiment. The 
adiabatic temperature rise may be computed 
from the energy dissipated and the zone thick- 
ness b so that 

A ~F = J(uey) Ke 
pcb (18) 

and p is the density and c the specific heat. The 
zone may be modelled as a parallel strip, 
embedded in an infinite medium, in which heat 
is generated at a constant rate, and the tempera- 
ture rise for a time t is given by [18] 

A T  = Ai~" 1 -- 4i~erfc ~ (19) 

where K = k/(pc) and k is the thermal conduc- 
tivity. The convention i 2 erf c refers to the second 
integral of  (1 - erf x) where erf x is the error 
function [18]. b is known to be small [17] and a 
useful lower bound to crack speed can be 
obtained by taking the limit as b --+ 0 so that 

d r  = [d-b-Zmk)J 93 - 4(pck)Ko @ .  (20) 

Previous solutions [17, 19] have used forms 
similar to this and then guessed some value for 
A T  (e.g. 50~ for To = 20~ so that the 
instability speed would not be expected to be 
dependent on To. Equation 17, however, 
provides a method of determining A T since the 
condition for dKe/dh = 0 may be determined 
and is 

where iP is the temperature necessary for 
dKe/da = 0. 

Similarly, from Equation 20, we have a second 
condition for dKe/di~ = 0 so that 

dT [ e y K e ]  [ 1 ] 
d--~ = [ ~/(pck)J ~ (22) 

and combining Equations 20, 21 and 22 we have 

2 R _  
- -  T 2 =  T -  T o (23)  
H 

Table I gives values for T - T o together with 
values of he computed from Equation 20 using 
the following values: 

H 
- = 104 K;  ey = 0.06; u = 1.6 gm; 
R 

Ke = 0.9 M N  m-3/2;p = 1 .2gcm-3 ;  
k = 5 x 10 -5 cal (cm~ sec) -1 
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TABLE I Calculated temperature rises and crack 
speeds at instability, together with experi- 
mental crack speeds 

To (~ ~ -T0  (~ die (ram Experimental 
see -1) ~o (mm 

s e e -  0 

80 29.2 126.4 240 
60 25.7 92.4 140 
40 22.5 66.5 85 
20 19.5 46.8 50 
0 16.8 32.4 40 

- 20 14.3 21.7 24 
- 4 0  12.0 14.0 17 
- 6 0  9.9 8.8 1.4 

and a l inear  var ia t ion  o f  c with To is included 
since i~ - To is not  large, namely,  

([c = 1.2 x 10 .3 To cal ( ~  g ) - i  (To in K ) ] .  

Fig. 14 shows these results and  indicates  a 
good  agreement  with the  t rend.  Ke = 0.9 M N  
m -3/~ was used since it is lower b o u n d  to the Ke 
values and  the b roken  line is ob ta ined  with 
ac tual  Ke values f rom Fig. 9. As  expected the 
speeds are lower  than  the exper imenta l  results 
since b = 0 has been assumed bu t  the t rend  is 
sufficiently good  to assume tha t  the  contro l l ing  
fac tor  is an i so the rmal -ad iaba t i c  t ransi t ion.  

There  is a more  rap id  decrease in the instabi l i ty  
speed at  - 60 ~ C than  expected f rom the analysis 
and  at  - 8 0 ~  no stable c rack  growth  was 
achieved, indica t ing  a speed o f  less than  10 -2 
m m  sec-L I t  seems l ikely tha t  these tempera tures  
represent  the lower end of  the/3 t rans i t ion  region 
so tha t  n is decreasing;  eventual ly  tending to 
zero a round  - 1 0 0 ~  within the  measurable  
c rack  speed range,  so tha t  stable c rack  growth  is 
no t  possible.  The  rate  dependence  observed 
be low - 8 0 ~  is not  thought  to be visco-elast ic 
in origin bu t  to  stem f rom thermal  effects. The 
coupl ing  o f  Ke, A T  and h as expressed in 
Equa t ion  20 gives a qual i ta t ive descr ipt ion of  the 
results bu t  numer ica l  compar i sons  are difficult 
because h is no t  known  for unstable  crack growth.  
Suppor t  for  this concept  is p rov ided  by  the 
observat ion  o f  very substant ia l  craze growth  at  
the crack  t ip p r io r  to fracture ( ~  0.2 mm) 
indicat ing a much  reduced yield stress. A t  the 
very low temperatures ,  the results tend to 
become independent  of  rate  and  it is possible 
tha t  the t empera tu re  rise is reaching the ad iaba t ic  
l imit  as expressed in Equa t ion  18. These 
comments  relat ing to  very low tempera tures  
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apply  equal ly to the very high crack speed region 
at higher  temperatures ,  i.e. I I I  in Fig. 3. 

5. Conclusions 
The observed fracture da ta  in the tempera ture  
range - 80 to + 80 ~ C is accurately mode l led  by  
assuming a Dugda le  mode l  at  the crack  t ip and 
tak ing  the crack  opening  displacement  as a 
constant .  The observed changes in Ke are shown 
to be reflections of  changes of  the modulus  with 
rate  and  t empera tu re  and are largely governed 
by  the fl t ransi t ion.  The instabil i t ies observed in 
the range - 4 0  to + 8 0 ~  appea r  to  be due to 
thermal  softening effects bu t  be low - 40 ~ C there 
is a suggestion tha t  the visco-elastic effects 
arising f rom the fl t rans i t ion  m a y  cease to  act, 
leading to an essentially elastic, and  therefore  
unstable ,  material .  Ra te -dependence  effects ob- 
served at  t empera tures  as low as - 180~ C would  
appea r  to be due to the rmal  effects in post-  
ins tabi l i ty  behav iour  bu t  there  is no quant i ta t ive  
suppor t  for  this content ion.  
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